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Abstract 

We define a general class ol superenergy tensors of even rank 2(n + 1) 
for a real massive scalar field propagating in Minkowski spacetime. In the 
case where n = 1, we establish that this class is a two-parameter family, 
which reduces to a unique tensor 14^ (up to a constant factor) when the 
complete symmetry on the four indices is required. We show that the 
superenergy density W^'^^^UaU/su-./Ug relative to any timelike unit vector 
u is positive definite and that the supermomentum density W"^~'^ upu-^us 
is a timelike or a null vector {W"^'^^ stands for W). Next, we find an 
infinite set of conserved tensors (/(p,,) of rank 2 + p + (;, that we call weak 
superenergy tensors of order n when p = q = n. We show that ?7(i_i) and 
W yield the same total superenergy and the same total supermomentum. 
Then, using the canonical quantization scheme, we construct explicitly 
the superhamiltonian and the supermomentum operators corresponding 
to W and to each weak superenergy tensor U^„,n)- Finally, we exhibit a 
two-parameter family of superenergy tensors for an electromagnetic field 
and for a gravitational field. 



1 Introduction 

In general relativity, the energetic content of an electromagnetic field propagat- 
ing in a region free of charge is described by the well-known symmetric traceless 
tensor 

Tf = ^^{F'^'F", - If^^F^'^F,^) , (1) 

where i^"^ is the Faraday tensor. This tensor satisfies the conservation law |^ 

T:f,^ = (2) 

as a consequence of Maxwell equations with — 0. The tensor T"f enables us 
to define a local density of electromagnetic energy as measured by an observer 
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moving with the unit 4-velocity u : 

Wel{u) =T"fuaUi3 . (3) 

It follows from (|l|) that the energy density Weiiu) is positive definite for any 
timelike unit vector u : 

yu{g{u,u)^l^wei{u)>0) (4) 

and 

((3w, giu, u) = 1) Wei{u) = ) ^ T^f = F"'^ = Q). (5) 

Within the framework of general relativity, however, it is well known that 
the concept of local energy density is meaningless for a gravitational field. An 
attempt to overcome this difficulty led to introduce the notion of superenergy 
tensor constructed with the curvature tensor Rf^^vpa- The first example of such a 
tensor was exhibited by Bel [|| for a vacuum (see also |^). Then, Bel generalized 
his result to the case of an arbitrary gravitational field [Q . By analogy with the 
tensor which may be written as 

T:f = -^{F<^'F\+*F'^'*F^^), (6) 
where F"'^ is the dual of F^^P , the Bel tensor B"^^"' is defined by 

where * denotes the duality operator acting on the left or on the right pair of 
indices according to its position. 

The tensor defined by (Q) has the following properties 

1. Its components can be expressed quadratically in terms of the curvature 
tensor. Indeed, it is easily checked that (j^) may be rewritten in the form 

= R°^^''"' rPJ'^ + - ^^g""^ W^^"" R\^^ 

- Ig'^'R^^'^'R^,. + \g^''g'''R^''''"R^.upa ■ (8) 

2. It has the properties of symmetry 
and 

2'. In fact, this tensor is totally symmetric in any domain where R^i, = : 
i?^^ = ^ B"'^'^^ = s("/37<5) . (11) 
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3. The Bel tensor satisfies a conservation equation when the Einstein equa- 
tions for a vacuum hold : 

R^^u^^g^u ^ = 0, (12) 

A being a cosmological constant. 

4. For any timelike unit vector u, one has 

B"^^^UaUpu^us > (13) 

and 

B°''^'''^Ua,upu^U6 = ^ B"^''^ = . (14) 
Properties (3) and (4) allow to regard the quantity 

e{u) = B°''^''^u^upu^us (15) 

as having the key properties of an energy density ||, Q. So e{u) will be called the 
gravitational superenergy density relative to (an observer moving with) the unit 
4-velocity u. In the same way, one can define a gravitational supermomentum 
density vector relative to u by 

p"{u) = B°'>^'>^ufiu^us . (16) 

This supermomentum density vector has been shown to be timelike or null 
for any timelike unit vector u Q . As a consequence, the vector 

pf^{u) = (5^ - u''u^)B''^-'^ui3U^us (17) 

may be considered as playing the role of a Poynting vector for the gravitational 
field, as it was already proposed in j|, jH . 

In spite of its attractive features, the Bel superenergy tensor has not received 
any clear, widely accepted physical interpretation [Q — jlj]. However, the fact 
that e(u) is positive definite plays a key role in many mathematical studies on 
the behavior of solutions to Einstein equations [^3[ It is therefore justified 
to pursue the study of this tensor and to examine its possible applications [p^ 
or extensions [p^ . 

In particular, it is natural to ask whether it is possible to construct ten- 
sors analogous to (||) for other fields than gravitation. This question was an- 
swered positively by Chevreton using the spinorial formalism on a curved 
spacetime. This author constructed in particular a superenergy tensor for the 
Maxwell field in flat spacetime and for the gravitational field within the pentadi- 
mensional Kaluza-Klein theory. Employing a different method, Komar proposed 
in [Q a conserved rank 4 tensor as a kind of Bel tensor for the Klein-Gordon 
field. However, the Komar tensor is less than satisfactory because it does not 
possess the symmetries and the positivity properties that one may expect for 
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a superenergy tensor. Recently, Senovilla has found an algebraic procedure 
providing superenergy tensors having good properties for arbitrary fields and 
has given examples of such tensors for the scalar field|jl^, Nevertheless, it 
seems that a systematic study devoted to the Klein-Gordon field is still lacking. 
The main purpose of the present paper is to undertake this study within the 
framework of special relativity. 

The plan is as follows. In Sect. 2, we give our definition of superenergy 
tensors of even rank 2{n + 1) for a real scalar field satisfying the Klein-Gordon 
equation. Sections 3, 4 and 5 are devoted to the case where n — 1. In Sect. 
3, we establish that the rank 4 tensors fulfilling our definition constitute a two- 
parameters family. In Sect. 4, we show that this family reduces to a unique 
tensor W (up to an arbitrary constant factor) when the property of complete 
symmetry on the four indices is required. In Sect. 5, we show that the superen- 
ergy density is positive definite and that the supermomentum density vector is 
timelike or null. In Sect. 6, we give a very simple procedure to form an infinite 
set of conserved tensors of rank 2+p-\-q, denoted by U(^p qy Whenp = q = n, we 
find that these tensors have almost all the good properties of the superenergy 
tensors as defined in Sect. 2. So we call the tensor [/(„_„) the weak superenergy 
tensor of order n . Restricting our attention to the case n = 1, we obtain the 
explicit relation between C/(i,i) and one of the super-energy tensors obtained in 
Sect. 4. This relation enables us to show that for n = 1 the weak superenergy 
tensor is equivalent to the superenergy tensor W in order to construct integral 
conserved quantities. In Sect. 7, using the canonical quantization procedure, 
we construct explicitly the superhamiltonian and the supermomentum opera- 
tors associated with the tensor W and with the weak superenergy tensors U(^n,n)- 
In Sect. 8, we indicate the two-parameter families of superenergy tensors that 
we have obtained with our procedure for the electromagnetic field and for the 
gravitational field. Finally, we gives our conclusions in Sect. 9. 

2 Superenergy tensors for a scalar field 

We consider here a real massive scalar field in Minkowski spacetime {TZ'^,g). 
In what follows, the coordinates = (a;°, x) are always supposed to be Galilean 
and orthogonal, so that the metric components ga/3 are 



We shall denote by Q the inertial frame of reference corresponding to these 
coordinates. 

We suppose that cj) satisfies the Klein-Gordon equation 



gap = diag{l, -1, -1, -I) . 



(18) 



(□ + m2)0 = 0. 



(19) 



4 



This equation can be derived from the Lagrangian function 

L[0, 90] = - \m'4,^ . (20) 

As for the electromagnetic field, it is possible to construct a symmetric, 
divergence- free energy- momentum tensor r"^[(/)] 

T'^f'm = - \ ff"^(0^V,A - . (21) 

It is well known that the energy density e(o)('") — T'^^UaUp relative to any 
timelike unit vector u is positive definite. It is well known also that owing to the 
conservation law T"^ = 0, the integrals extended over the 3-space x° = const. 



d^x' (22) 



and 

P^[0] = j T'°£x' ^~ j 0,o0,»d^x' (23) 

can be regarded as the components in the frame Q of the so-called energy- 
momentum vector P"[0]. This vector is defined in any Lorentz frame by 

P"[0] = I T^fnpda, (24) 



a being an arbitrary spacelike 3-plane of surface element dap — npda. Since 
T"^ is divergence- free, the components are constants of the motion: H[(f)\ 
and P^[4>] respectively define the total energy and the total momentum of the 
field in Q. 

It is natural to ask whether there exist tensors p"i/3i - ">«+i/3n+i of even rank 
2(n -l- 1) > 4 which generalize the usual energy-momentum tensor pO| ]. By 
analogy with the above mentioned properties of the Bel tensor, we require these 
tensors to have the following properties. 

PI. Their components p"i^i - "n+i/3n+i ^re linear combinations of terms 
quadratic in (j) or in the derivatives of of order r < n+1. More precisely, denot- 
ing by a block of indices {/ife, 1 < fc < ^}, we suppose that - 
may be written in the form pT| 

A=n+1 

j,aift...a„ + i/3„+i ^ ^ ^ai/3i...a„+i/3„ + i^^^^^,MA0,i>A ^ (25) 

where the coefficients - are tensorial quantities involving 

only the components of the metric (for ^ = 0, we put 0'^-* — <j>). 
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P2. These tensors are symmetric in each pair {ai,(3i) of indices; they are 
also symmetric in the interchange of two blocks (aj, and {aj,(3j). 

P3. They satisfy a conservation equation when the equation of motion holds: 

We shall call superenergy tensor of order n (or in brief n-superenergy tensor) 
any tensor of rank 2{n + 1) possessing properties P1-P3 |Q. We can regard 
the usual energy- momentum tensor (pT| ) as a superenergy tensor of order 0. 

Suppose that there exists at least one n-superenergy tensor 
Given any timelike unit vector u, we can define the n-supermomentum density 
vector cr"^^ (T, u) relative to u by 

af„)(r,u) = T^P^-^-*^P-^^up,...u^^^,up^^, . (27) 

The n-superenergy density e(„)(T, w) relative to u will then be defined by 
contracting cr^^ (T, u) with Ua : 

e(„)(T,M) = r"i'3i--.+i/3-.+iu^^u^^...u„^^^^^^^^ . (28) 

The tensors y"i/3i - a,i+i/3„+i j^^y course be required to satisfy the addi- 
tional property 

P4. The superenergy ( |28| ) is positive definite, i. e. for each timelike unit 
vector u, one has 

e(„)(T,7.)>0 (29) 

and 

e(„)(r,u) = ^ 7^«i/3i -«^+i/3-+i =0. (30) 

However, we shall establish in the next section that at least for n = 1 
property P4 restricts only the sign of the arbitrary constant factor by which 
one can multiply a given superenergy tensor. For this reason, it does not seem 
very useful to put P4 in the list of the fundamental requirements defining the 
superenergy tensors. In fact, we shall see that the most natural mean to reduce 
the arbitrariness on the superenergy tensors is to require these tensors to be 
totally symmetric. As a consequence, property P2 may be replaced by the 
more restrictive requirement 

P'2. The tensor yaiA-.-a^+i/s^+i is totally symmetric. 

With any superenergy tensor - ^g^jj associate the tensor of 

rank 2n + 1 defined by 



P 



ai/3i ...Ctrbl^nar. 



M(T)= f T"i''i- ""''"""+i^n^dcr. (31) 

J a 



In what follows, we assume that and its partial derivatives of any order with 
respect to time are functions of rapid decrease at spatial infinity p3[ . Then it 
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results from the conservation law ( |2^ ) that the tensor p^i/^i -^^^^^i+i (T) does 
not depend on the spacelike 3-plane cr. We shall call it the n-supermomentum 
tensor associated with the n-superenergy tensor - ^ This tensor 

generalizes the vector (p4[). 

In the frame Q, we can evaluate the components p"i/3i -"n/3„a„+i (ij^^ j^y 
choosing any 3-plane = const, for a. Thus we get 

P"i^i-""'3"""+i(r) = /r"i''i-""'3"""+i°(x°,x')(i^x'. (32) 



Since the integrals in the r.h.s. of Eq. ( |3^ ) do not depend on the 
quantities p°'iPi---<^nP^^°-^^+i{T^ are constants of the motion. Among all these 
conserved quantities, we shall consider here only those which correspond to 
Pi = 0L2 = ■■■ — Pn = ctn+i — 0. For the sake of brevity, let us denote by 0^ any 
block of r timelike indices : 

Or = 0^ . (33) 

r 

We shall call (total) n-superenergy associated with the n-superenergy tensor 
rpaii3i...a„+ii3^+i ^^le quantity 

p002„(y) ^ J r00=^"+i(a;°,x')d3x' (34) 

and (total) spatial n-supermomentum associated ■ujithT°''-^'^'''°'"+^^"'+'^ the quan- 
tities 

P'*^^" = yT^°^"+i(x°,x')d^x'. (35) 

3 Class of rank 4 tensors satisfying properties 
P1-P3 

The most general tensor T"^'*^ which fulfills conditions PI and P2 may be 
written as 

+ ^ci(g"'5</>'^VA+5^V/A) 

+ C2(ff^(>''''VA+/^>'^^VA) 

+ ^^^im'(5"'''/''^0'*+.9^V"'/'''') 

+ \Kig''^9'^' + i^2ff''("/^' , (36) 



7 



with 

Ks = Ps4>'P''(l>,pa + qsm^(t>^^(t),x + r,mV^ , (37) 

a, 6, ci, C2, c?i, rf2,Ps, 9s and being dimensionless constants (s — 1,2). 
A straightforward calculation yields: 

T°'PiS^^^Df^''\a+m^)(t) + E'^''^ , (38) 

where D'^''"^ is the differential operator defined by 

+ im2[di5'^*</).'3 + 2rf2/(^0'')] (39) 

and iJ/^T"^ is given by 

+ (rf2 - a)m20^'^0^'^'^ + [di +d2- b)m^<j)'P^'f<P'^^ 



From Eq. (^), it is easily seen that the conservation law 

= (41) 

holds for any solution to the equation of motion ( p9| ) if the invariants Ks are 
defined by 

2Ks = -Cs^'P^^^pa + [cs - 4)m20^V,A + dsm^^ (42) 

and if the coefficients a,b,Cs, dg are solutions to the linear system of equations 

a + C2 = , 
5 + ci+C2 = 0, 

(12 — a = , ^ ^ 

di + (i2 - = . 

The above system consists in four equations for six unknown quantities. As 
a consequence, we have 

ci = a — 6 , C2 — ~a , (44) 

and 

di = b — a , d2 = a , (45) 

where a and b can be chosen arbitrarily. 

Substituting for ci,C2,di and c?2 from Eqs. ( ^ ) - into Eqs. and 
3q) yields the following theorem [E5| . 
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Theorem 1 Given a scalar field 4>, let r"^ he the symmetric tensor defined by 
t"^ = (j>'"^(j>'\ - m^(l>'"'(l)'^ - ^Kg"^ , (46) 
where K is the invariant 

K = ^^■'"'rp^pa - m^^'V^A + ^mU^ ■ (47) 

The class of rank 4 tensors fulfilling conditions PI, P2 and P3 is the two- 
parameter family given by 

where 
and 

T^^^^ = ^'"(t,^''')'' - ^ (^"^rT"^ + gT'^r"'^) . (50) 

A straightforward calculation allows to complete the above theorem by the 
following one. 

Theorem 2 Let u be an arbitrary unit timelike vector. The 1-supermomentum 
density vector a"^-^{T,u) relative to u associated with the tensor T'^^^^ is given 
by 

af,^iT,u) = ia + b)a^^{T2,u), (51) 
where (t"^j(T2,u) denotes the supermomentum density vector corresponding to 

-'2 

These theorems reveal that properties P1-P3 do not determine a unique 
superenergy tensor (by unique, we mean of course unique up to a constant 
factor). Moreover, it results from Theorem 2 that property P4 is unable to 
reduce the class of possible tensors to a one-parameter family. 



4 Characterization of a unique superenergy ten- 
sor 

The arbitrariness in the superenergy tensors is not surprising. In fact, it is 
easily seen that if a tensor T°'^'^^ fulfills properties P1-P4, then the tensor 
j^«/375 defined by 

fjia^'jS }i ^'ipoijI^S _j_ rj-^a5l3-y\ (52) 
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fulfills also properties P1-P4. In addition, it is worthy to note that we have 

a^,){f,u)^a^,){T,u). (53) 

Thus, T"^''^ and T"P^^ have undistinguishable supermomenta density vec- 
tors. 

These properties suggest that T'^Pi^ and Tl^P'i^ are related by the operator 
~. Effectively, it is easily checked that 

Conversely, noting that T — ^{T + T), we get 

rpap-fS 2J'"/57<5 _ rpCtPjS (55) 

The tensor obtained by the complete symmetrization of a tensor T"^''^ sat- 
isfying property P2 is given by 

rp{al3'YS) _ }_^rpal3'YS _j_ rpP^aS _|_ rpa'jPS--^ (56) 

3 

an expression which can also be written as 

3 



when (^2|) is taken into account. From (|57| ) and (|5^), it follows that the totally 
symmetric tensor y("/57<5) jg sufficient to determine the supermomentum vector 
density (T^^)(r,u) associated with T^'f^'rS^ 
Now, using (|5^), (|3) and iM) we get 
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From Theorem 1 and from Eq. (58) we deduce immediately the following 
theorem. 

Theorem 3 Any 1-superenergy tensor T"^^^ which is totally symmetric is given 
by 

where k is an arbitrary constant and W""^^^ is defined by 

The tensor W"^''^ may be written as 
3 

_ l(c,"^r'^* + gT^^a/s ^ 2g°('^r*)'^ + 2/(''t'')") . (61) 
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This theorem shows that properties PI, P'2 and P3 constitute a set of 
axioms allowing to select a unique (up to an arbitrary constant factor) 1- 
superenergy tensor for a scalar field. 

We shall henceforth consider W"^''^ as the 1-superenergy tensor in the strict 
sense. We shall put for the sake of brevity 

s"{u) = a^,^iW,u) (62) 

and 

w{u) ^ s°'{u)ua ^ e(^i){W,u) , (63) 

where W stands for the tensor given by (|6l|). The quantities s"(m) and w(m) will 
be respectively regarded as "the" 1-supermomentum density vector and "the" 
1-superenergy density of the scalar field cj) relative to a given timelike unit vector 
u. 

5 Positivity properties of W"^'^^ 

Introducing the projection tensor 

hal3 = gap - UaUp , (64) 

let us define the spacelike vector s"(m) by 

s"{u)^h$s^{u). (65) 
Some algebra yields for the superenergy density w{u): 

+ m^{u''u'' ~h^"')(l)^p(j)^^ + ^m^(f>^ (66) 

and for s"(u): 

2 s"(u) = h"P[{u^'u'' ~ /i^")u>,^.(/.,p. + m^{u^(\>.x)>i>A ■ (67) 

It is well known that u^vy — defines a positive definite metric and it is 
easily checked that 

(u^u" - h''P){u''u" - /i""") > (68) 

for any tensor Sp^^, except if S^i, = 0. Consequently, it follows from Eq. ( p6[ ) 
that w{u) is positive definite for any timelike vector u. 
Hence the following theorem. 

Theorem 4 Property P4 is satisfied by the tensor W"'^'^^ . 
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Let us assume that w{u) = at a point x for some u such that g(u, u) — 1. 
It results from Eq. ( |66| ) that the field has the following properties at x : 

If m 7^ 0, then = 0, (j)^a ~ and (/)^af3 = 0. 

If TO = 0, then (j),afj — 0. This means that if there exists a timelike vector 
field u such that 'w{u) = everywhere, then is necessarily of the form 



(p — kf^x , 



(69) 



where the ka are constant quantities. 

We are now in a position to form in the case n = 1 the expressions of the 
constants of the motion defined by Eqs. (HJ) and (^). Putting for the sake of 
brevity W^(i) = P°''°(W^) and — P'°"(W^), we have for the 1-superenergy of 
the field 6 



and for its spatial 1-supermomentum 



(1)^ 



w 



(70) 



(71) 



The expressions of 1^"°"° and of VF**"^*^ may be obtained by putting u = do in 
Eqs. (^ and (E^) respectively. We find 



2 i2 
TO (/) 



(72) 



and 



= s^(ao)-s'(ao) = -Tr 



',000,0* + ^ 0,Oj0,y + "^^0^00,1 



(73) 



We can establish an other important theorem. 



Theorem 5 For any timelike unit vector u the 1-supermomentum density vec- 
tor s"{u) is timelike or null : 



s°'{u)sa{u) > 0. 



(74) 



Proof. The timelike unit vector u being given, let us choose the Galilean 
coordinates a;" so that do = u. From (ItI) and (|7^), we immediately deduce 
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that for each i = 1, 2, 3 : 



+ -m 
4 



',0 T ' 



2 i2 
TO 



Therefore we have the three inequahties 



(75) 



(76) 



Let us put s{u) — s'^{u)di. If s{u) = 0, ( [Tq ) imphcs that s^(w) > 0. So let 
us assume that s{u) ^ 0. Then we can suppose that s(u) and di are cohnear, 
which imphes that 



(77) 



From (^, we deduce that s'^{u) > 0. Q.E.D. 

From the properties estabhshed in this section and in Sect. 4, we can con- 
clude that W"^'^^ (or any tensor k W"'^'^^ with fc > 0) has all the good properties 
that one can expect for a suitable generalization of the usual energy-momentum 
tensor of the Klein-Gordon field. 



6 Weak superenergy tensors of order n > 1 

We could of course try to determine the possible families of superenergy tensors 
of order n > 1 by using the method of Sect. 3. However, this procedure 
requires heavier and heavier calculations as n is increasing. So we propose here 
a more simple method to construct divergence-free tensors of rank > 2 providing 
an infinite set of conserved quantities. This method uses the property that the 
derivatives of any order of a solution to a linear field equation is still a solution. 
We shall here examine in detail the equivalence of the conserved quantities 
obtained by this method with the conserved superenergies and supermomenta 
only in the case where n = 1. The general case n > 1 will be studied elsewhere 
[g. 

Let (f>M and be two solutions to Eq. (|19|). It is well known that the 
vector 

Jmn = ii<pM(t>N - (t>M<pN) (78) 
satisfies the conservation law 

fMN,,-0, (79) 

a fundamental property which allows to define a scalar product on the space of 
the solutions to the Klein-Gordon equation. 
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By analogy with ( [78[ ) , let us put 

Umn = \i<l>M'l>N + 'I^m<I>n) - ^5"'^(0M</'Ar ,x " rm? (f) M (j) n) ■ (80) 
This quantity is symmetric in (a, (3) and in (M, N) : 

Calculating C/^/^ ^ we find the identity 



Ul^^^^ ^ + m^)^^ + l^^(n + m2)0M . (82) 



It is clear that for each set of solutions ^at}, t^"/^ defines a divergence- 
free tensor symmetric in (a,/3). We note that this tensor generalizes the usual 
energy-momentum tensor ( pl| ) since we have 

Ut,^M^T-^[M. (83) 
Substituting 0,^1^2...^^ for 0^/ and 0, 

i/ii/2---i^g f*-"^ into Eq. ( ^OD we obtain 

the following quantities : 

•-^ tii...tL-pVi...Vg — V pi...pp</^ 1^1.. .2^5 2^ Aii...Aipr,Aiyi...i/, 

which constitute the components of a tensor of rank {2 p + q) that we shall 
denote by the intrinsic notation U(^p,q). 

The tensor [/(p^,) presents very interesting features. It satisfies property PI. 
It is symmetric in (a,/3). It is also completely symmetric in (/xi, ...,/Zp) and in 
(i^i, Vq). Moreover, it satisfies the conservation law 

C^"^/ii...Ppiyi...iy5,a — (85) 

as a consequence of Eq. ( |82|) . 

Let us now restrict our attention to the case where p = q = n. It is easily 
seen that for any timelike unit vector u 

?7"^Mi...M.^i..-."««/5"''' > 0- (86) 

Consequently, the tensor U(^n,n) has almost all the good properties of a su- 
perenergy tensor of order n. For this reason, we call the weak superenergy 

tensor of order n or the weak n- superenergy tensor. In conformity with Eq. ( ^3| ) 
we consider that C/(o,o) is the usual energy- momentum tensor (|2l|). 

In the inertial frame Q, we can define the weak n-superenergy U(n)W\ by 

U(nM = / C/"%„o„(a;°,x')d3x' (87) 



14 



and the weak spatial n-supermomentum ^(„) by 



(88) 



where we have used the notation defined by (|33|). These quantities may be 
exphcitly written as 



U(n)[4>] = ^ 



and 



^.o„+J'+5](</',,:oJ'+m2(0,oJ' 



(89) 



(90) 



It follows from ( p5| ) that these integral quantities are constants of the motion. 

What is the relation between the tensors J7(„^„) and the superenergy tensors 
defined in Sect. 2 ? We shall treat here this problem only in the case where 
n = 1. It follows from (^) that the contravariant components of C^(i,i) are 



1 



Comparing with (pO|),it is easily seen that 



A straightforward calculation yields 



«/3 



cxf3 jj^af3\ 



2rpal3 



where U^^^x — g^j.yU"'^^'^ . As a consequence, is given by 



1 



(91) 
(92) 
(93) 

(94) 



It is easy to check that U°'l^^"' ~ \{U"''^^x - m^T"^)^'^'' is symmetric in the 
interchange of the blocks [a, (3) and (/^,i^) of indices. Consequently, ^2^^'^ may 
be written in a form which renders more explicit all its symmetries : 



2t: 



(95) 



We are now in a position to state an important theorem about the constants 
of the motion of order one. 
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Theorem 6 The 1 -superenergy [(fl cind the spatial 1-supermomentum S"^]^^ [(j)] 
are respectively given by 

-C/(i)[0] + [W] (96) 

and 

+ (97) 

where [Surf] denotes surface terms which cancel if (j) and its derivative are 
functions of rapid decrease at spatial infinity. 



Proof It results from (|o|) and (||) that W"°°° = Therefore we 

deduce from (|9j) that 

p^aOOO ^ f^aOOO „ i([/"OA^ _ m^T"'^) . (98) 

When (j) satisfies the Klein-Gordon equation, each term U^^^x — m?T°'^ is a 
3-divergence. Indeed, it is easily seen that in this case 

- m^T"" = -{\cj^.AV' - '5'^ (A0 - 2m-'m,j (99) 

and 

- m^r" = {4>^oW'' - S'^Acj, - m^m,j , (100) 

where A is the usual Laplacian operator on TZ'^. Thus the theorem is established. 
Q. E. D. 

7 The superhamiltonian and the supermomen- 
tum operators in quantum field theory 

The results obtained in Sect. 5 and 6 enable us to construct an infinite set of 
superhamiltonian and supermomentum operators in quantum field theory. 

Within the canonical quantization procedure, a real solution (j) to the Klein- 
Gordon equation becomes a Hermitian operator which can be expanded on the 
basis of the plane wave solutions as 

<^(-'^) = / d'^^ [«(k)e-''=^ +«^(k)e''=1,o_, , (101) 

with 

iOk = yj\<? + m2 , (102) 

the operators a(k) and a^(k) their Hermitian conjugates satisfying the commu- 
tation relations 

[a(k),at(k')] =5(3)(k-k'), (103) 
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Kk),a(k')] = [aT(k),aT(k')]=0. (104) 

and 5*^^^ become what we shall call the l-superhamiltonian and the 
spatial 1-supermomentum operators, respectively. Substituting (f> from (101) 
into ( [72I ) and (|7^), and integrating over the space yield 

- i y d^kiol[a\k)a{k) + a(k)at(k)] , (105) 

Sl^^ J d'^kk'ujla1{k)a{k). (106) 

These expressions are remarkably simple and may be compared with those 
of the usual Hamiltonian and momentum component operators deduced respec- 
tively from (^H) and from ( p3|) 

H^^J d^i^iVk [at(k)a(k) +a(k)at(k)] , (107) 
P = j d^kk' a\\i)a{k) . (108) 



More generally, the weak n-superhamiltonian corresponding to (|89|) is given 

by 

[/(„) = i 1 d^kc^f +1 [at(k)a(k) + a(k)at(k)] (109) 
and the weak spatial n-supermomentum deduced from (DG) is 



^|„) = j d?kk^ujl:^ a\k)a{k) . (110) 



A comparison of Eqs. ( |l09| ) and (110) in the case of n = 1 with Eqs. (105) 
and (106) shows that 

= (111) 

and that 

^(1) = i?a) ' (112) 

equations which can also be immediately deduced from (|6|) and (p7|). 



8 Extension to other fields 

The systematic procedures developed here can be extended to electromagnetism 
and to other linear theories for higher spin fields. For the electromagnetic field 
treated in flat spacetime, e. g., the transposition of our definitions and reason- 
ings is obvious. In particular, it can be checked that the class of divergence-free 
rank 4 superenergy tensors built from F°'^ is a two-parameter family : one of 
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the generators is the tensor M"^'^^ obtained by ChevretonlT^, the other one is 
the tensor M'^^''^ , where ~ is the operation defined by Eq. (p^). 

In fact, our method can also be apphed to the gravitational field. Again, 
it is found that the class of tensors Tg/''^ possessing properties 1, 2 and 3 
enumerated in Introduction is a two-parameter family given by 

Tg"/'^'^ = ai B"^"^"^ + 02 (113) 

where ai and 02 are arbitrary constants. From (||) and (p^, it results that 
]^a/3fS jj^g^y written as 

_ i?AA.Ko/)(7^^)^^ + ^g<-(^g'^PR^^-P-R^,p, . (114) 

Using the symmetries of the Riemann tensor, it is easily checked that for 
any timelike vector u 

B"'^'<^UaUi3U^us = B'^I^^^Ua.upu^us . (115) 

Consequently, B"^^^ satisfies property 4, which implies that Tg/^^ is posi- 
tive definite if and only if oi -I- a2 > 0. 

Since we have B'^°'0'rS) ^ ^(a/ST*)^ ^e deduce from (|ll|) that the totally 
symmetric gravitational superenergy tensors of rank 4 are proportional to 

+ iff("'35'''^i?^''''"i?^.p. . (116) 



With Eq. (116), we recover a tensor recently obtained by Robinson 



9 Conclusions 

We have proposed a definition of the superenergy tensors of even rank 2{n+ 1) 
for the Klein-Gordon field. We have determined the entire class of rank 4 tensors 
obeying our definition. Clearly, the tensors T"^''^ constitute good gen- 
eralizations of the usual energy-momentum tensor. They form a two-parameter 
family. This last feature is not embarrassing, however, because the unicity (up 
to an arbitrary factor) can be obtained by requiring the total symmetry in the 
four indices. 

The fact that the tensor ^2^'^^ given by Eq. (^0|) is also obtained by Senovilla 
raises the problem of whether our definition is equivalent to the one proposed 
in ||l^ and jl^. This problem is open. 

We would like to emphasize the interest of the linear operator ~ which 
transforms a rank 4 superenergy tensor into an other one of the same rank (see 
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Sect. 4). This operator works in any spacetime. Its existence explains why the 
set of rank 4 superenergy tensors cannot reduce to a one-parameter family if 
the total symmetry is not required. 

For the Klein-Gordon field, we have formed an infinite set of divergence-free 
tensors of rank 2(n -|- 1) which have almost all the good properties of 

the superenergy tensors. The tensors ?/(„,„) yield a class of constants of the 
motion which constitute an acceptable generalization of the total energy and of 
the total momentum of the field. The problem of finding the relation between 
these tensors and the superenergy tensors of rank 2(n + 1) is solved here for 
n = 1, but remains open for n > 1. 

We shall add that tensors similar to U(^n,n) can also be constructed for the 
electromagnetic field. This question is under current investigation. 

Finally, let us emphasize that the systematic procedure developed in Sect. 3 
can be applied without difficulty to the electromagnetic field and to the gravi- 
tational field. We have briefly indicated the main results that we have obtained 
in this way. 
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